ABSTRACT. Using the method of steepest descent we prove that for a class of real entire functions of exponential type r the spacings of the adjacent zeros of /("' converge to 7tt/2.
Introduction.
Following Pólya, we say that the point zo belongs to the final set of /, if (1) / is analytic at zq\ (2) for every e > 0, the disk \z -zo\ < £ contains zeros of infinitely many functions of the sequence {/'"'}^Li-
We say that an entire function / is real if it takes real values for real z.
In an address presented to the American Mathematical Society (April 3, 1942),
Pólya asserted that [4, p. 181]:
"For certain entire functions of order 1, as, for example, for f(z) = sin 2 the differentiation does not change essentially the density of the distribution of the zeros."
In view of the above general assertion of Pólya and the other examples considered by R. Boas and C. Prather [2] , the following conjecture seems plausible.
HYPOTHETICAL THEOREM. Let f be a real entire function of order 1, exponential type, and bounded on the real axis. Then the final set of f is an equally spaced infinite set {nirT/2}f00, where t is the type of f.
Recently, C. Prather [5] published a theorem which confirms the Hypothetical Theorem. However, his proof contains an error. In fact, the error is serious, since M. Rao and the author have proved the following theorem which disproves the above Hypothetical Theorem. THEOREM A [6] . There exists a real entire function of exponential type, of order 1, and bounded on the real axis such that the entire real axis belongs to its final set.
The function F mentioned in Theorem A is of the form
where A is a finite nonnegative measure. It must be pointed out here that Theorem A does not contradict Pólya's assertion, for Pólya only stated that "the density" of the distribution of the zeros of /(") does not change essentially. In our constructed function F, the spacings of the zeros of a subsequence of {F*fl'} do coverge to 7r/2, but the zeros are "drifting" around the real axis to fill up the whole real axis. Therefore, the assertion of Pólya deserves further investigation.
We begin this investigation by considering a real entire function of order 1, exponential type, and having the following properties.
(i) The type r of / is > 0, (ii) there is a sector S containing the imaginary axis, that is, S = {z:\argz ±ir/2\<c} (0 < c < tt/2), such that / has only finitely many zeros in S; (iii) " I In |/(i)l / dt < oo.
+ t2
The above function is, in many aspect, the closest "relative" of sin z, and the purpose of this work is to study the successive derivatives of this function. We will prove the following weaker version of the Hypothetical Theorem. THEOREM 1. Let f be a real entire function of order 1 and satisfy properties (i), (ii), and (iii). /// is even, then the final set of f is {nTir/2}%L_00.
In §2, the outline of our method is presented. All the needed lemmas are stated in § §3 and 4 and in §5 we prove Theorem 1. The main finding is presented in §6.
2. Outline of the method, throughout the paper z is a complex variable which belongs to a fixed but otherwise arbitrary compact set in the complex plane. D(w,r) will denote the disk centered at w with radius r.
For an analytic function /, we define
We will use the method of steepest descent on the integral
to obtain an asymptotic expression for /("' as n -> oo. This method requires (a) the adquate selection of a positive sequence rn with rn->oo; (b) the choice of a point çn = rnet6n such that a(ç") = n for each n;
(c) the use of the following lemma which enables us to obtain an accurate approximate of / around the point çn. License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
In view of Lemma A, it is essential that we understand the properties of a(z) and b(z); we therefore begin our investigation by studying the logarithmic derivative of/.
3. The asymptotic behavior of /'// as z -► oo. Let Sq = {z:\ &xgz ± 7t/2| < ci < c}.
Clearly, Sb ^ S. We use Sq and S0~ to denote the portions of So lying on the upper half-plane and the lower half-plane, respectively.
We first establish where k is a real constant and we will see that k is equal to -r. From (iii), we see that for \0\ < p/2, where \E*(r,0)\ < k\0\ and the finite constant k is independent of r.
We now select 0O such that 0 < 0O < p/2 and 1 + E*(r,0) > 1/2. Then, for 6(r) < \0\ < 0O, (4.4) implies (4.5) \f ( (It should be commented here that (4.6), (4.6)', and (4.7) are valid for noneven functions as well.) We now select an h such that h > 0 and r(sin#0 -1) + h < 0. Clearly, (4.6) and (4.7) imply that (4.8) \f(irete)/f(ir)\ < exp{(r(sin0o -1) + h)r} for 0O < \0\ < 7t/2 and all r sufficiently large.
The conclusion (b) now follows from (4.5) and (4.8).
5. Proof of Theorem 1. Without loss of generality, we assume that the type of / is 1 (the general case is reduced to this special case by consideration of f(z/r)). Before proving the theorem, we make the following preparation.
We first select a sequence {rn} so that
The existence of such a sequence follows from the continuity of a(ir) as a function of r and We now consider I(n, 3). After making an obvious change of variables and using part (a) of Lemma 4.1, we obtain ffi.HVW/'-(1 + l(1))fi/.llhw n! \AK0 J-u where Hn(z,t)= il + ^e-^^^A and tn = 6n ■ We observe that, for |t| < tn, Hn(z,t)^e~iz and tn = n1/10(l + o(l)) as n -r* oo.
Then (6.1) becomes f^(z)~2Rncos(z + 0n).
This clearly shows that the spacings of the adjacent zeros of /("' converge to 7r/2.
